Gra ti is a computer program that checks for relationships among certain graph invariants. It uses a database of graphs and has generated well over 700 conjectures. Having obtained a readily available computer tape of all the nonisomorphic graphs with 10 or fewer vertices, we have tested approximately 200 of the Gra ti conjectures and have found counterexamples for over 40 of them. For each conjecture that failed we display a counterexample. We also provide results that came from analyzing those conjectures which had a small number of counterexamples. Finally, we prove some results about four of the conjectures.
Introduction
One of the di culties of obtaining a new result in graph theory has been nding the statement of the result. This situation may soon change as computers are now capable of generating interesting mathematical conjectures.
A conjecture generating program, called Gra ti, was developed by Siemion Fajtlowicz in 1986 (see \Written on the Wall" 4]). It uses a database of graphs and heuristically checks for relationships among certain graph invariants. The main task of the program is to decide which of these relationships should be accepted as conjectures. Out of all the conjectures generated by Gra ti, more than 700 of them have been included in 4], and many of these have created considerable mathematical interest 5, 6, 7, 8, 10] .
Having obtained a readily available computer tape of all the nonisomorphic graphs with 10 or fewer vertices (see 2]), we have tested approximately 200 of the Gra ti conjectures and have found counterexamples for over 40 of them. For each of the failed conjectures we present a counterexample, the values of the invariants, and the number of counterexamples. The curious reader should consult the discussion in the latest version of \Written on the Wall" for conjectures that have passed our brute-force test and still remain open.
We begin in the next section by focusing on those conjectures with less than 10 counterexamples. In certain groups of these counterexamples a pattern is apparent. Consequently, in Section 3 we construct an in nite class of counterexamples for four of the conjectures: 107, 293, 551, and 581. In Section 4 we give one counterexample for each of the remaining failed conjectures. Next in Section 5, we provide various results about four of Gra ti's conjectures.
For the reader's convenience, regarding some of the Gra ti's non-standard graph theory terms, we provide an extensive glossary near the end of this paper.
Conjectures with Less Than 10 Counterexamples
Those conjectures in which only a small number of counterexamples were found have been emphasized since it is natural to question if they are true for all but a nite number of graphs. There were a total of 18 conjectures for which we found less than 10 counterexamples within the over 12 million nonisomorphic graphs with 10 or fewer vertices. (The cuto of 10 counterexamples was chosen quite arbitrarily.)
Eleven of Gra ti's conjectures failed for only one graph. Surprisingly, six of these eleven conjectures failed for the same graph: K 2 , the complete graph on two vertices. By serendipity of Gra ti's database not included K 2 , our partial veri cation gives strong evidence that those conjectures that failed only for K 2 can be made true by simply adding the condition \of order at least 3."
Another popular counterexample was P 6 , the path on six vertices. It appeared as a counterexample to four conjectures with less than 10 counterexamples, which include two conjectures in which it was the only counterexample found.
We rst list the six conjectures that failed only for K 2 , the two conjectures that failed only for P 6 , the other three conjectures for which we found only one counterexample, and then each of the remaining conjectures with fewer than 10 counterexamples.
To help the reader verify the counterexamples, Table 1 contains the value of the terms associated with the rst counterexample given for each of the conjectures in this section. For example, a reference to Conjecture 107 of Section 2.4 and to Table 1 reveals that the rst graph listed as a counterexample has mode of distance matrix of 3, radius of 2, and is even regular 1 of degree 5. Conjecture 670: The radius the frequency of the mode of mid-degree sequence. (graphs with sum of odd vector sum of even vector) 1 The de nition of the term even regular maybe misleading { see glossary. 3 Constructing In nite Classes of Counterexamples
Conjectures
As noted above, those conjectures in which only a small number of counterexamples were found have been emphasized since it is natural to question if they are true for all but a nite number of graphs. Surprisingly, isolating those particular conjectures and examining their associated counterexamples revealed patterns (in most cases) that allowed us to conclude just the opposite: that an in nite class of counterexamples exist. In this section we demonstrate the process by generalizing four of the conjectures taken from Section 2.4.
Conjecture 107
Conjecture 107: Mode of distance radius. (even regular graphs)
Motivated by the rst given counterexample to this conjecture in Section 2.4, we now
show that the following graph G R is a counterexample for each even positive integer R. The frequency of k > R+1 is 2 4 2 (R?(k ?(R+1))) = 24R?12k +12 where we counted the paths between two of the four long branches. One now sees that 24R ? 12k + 12 < 24R ? 12(R + 1) + 12 = 12R < freq(R + 1) for all k > R + 1.
The frequency of 2 k R is 4(2(R + 2 ? k)) + 2 4 2 (k ? 1) = 8R + 4k + 4 where the rst term represents the paths local to the labeled vertices and the second term counts paths through vertex a to a nonlabeled vertex. We also have 8R + 4k + 4 < 8R + 4R + 4 = 12R + 4 < freq(R + 1) for all 2 k R.
The case for k = 1 is trivial ( 4R + 1 < freq(R + 1) ). Hence R + 1 is the mode of the distance matrix for the graph G R .
2
Combining the previous two lemmas with the fact that the graph G R has radius R completes the proof of the claim that G R is a counterexample to Conjecture 107 for each even positive integer R.
Conjecture 293
The separator is de ned to be the di erence between the largest and the second largest eigenvalue of the adjacency matrix. The derivative of the positive eigenvalues is de ned to be a vector whose i-th component is p 0 (i) = p(i + 1) ? p(i), where p is the vector of positive eigenvalues sorted in increasing order.
The next conjecture led to the discovery of a class of graphs in which the minimum derivative of the positive eigenvalues equals the separator and can be made arbitrarily large while keeping the ratio of size to independence bounded by a constant.
Our initial counterexamples for the next conjecture follow Bondy and Murty 1], who consider the girth of acyclic graphs in nite. Gra ti, on the other hand, considers the girth of acyclic graphs unde ned and hence excludes trees from consideration. At the end of this section, we point out how most graphs with cycles can be extended to counterexamples which Gra ti does accept. Motivated by the rst two trees given in Section 2.4 as counterexamples to this conjecture, we now show that the following tree is a counterexample for each integer n 10. Proof. Label the vertices so that the rst n?2 of them is a maximal (in fact, the maximum) independent set, the motivation being that the adjacency matrix A will be almost triangular. . Thus the minimum derivative of the positive eigenvalues is the separator, the di erence between the two largest eigenvalues. Adding isolated vertices to a graph only increases the number of zero eigenvalues: that is, the derivative of the positive eigenvalues remains unchanged. Since the size of a graph is de ned to be the number of edges of the graph, it too remains unchanged when isolated vertices are added. It follows that any graph of girth 5 with at least two positive eigenvalues (so that the derivative of the positive eigenvalues is well-de ned) and with no two positive eigenvalues the same (so that the minimum of the derivative is nonzero, and hence positive since the eigenvalues are sorted in increasing order) can be extended to be a counterexample of Conjecture 293 by adding isolated vertices. For example a 5-cycle can be extended to be a counterexample by adding 12 isolated vertices.
Conjecture 551
Conjecture 551: The maximum of the mid-degree sequence the mean of the dual-degree sequence.
Referring to the rst three counterexamples given for this conjecture in Section 2.4, a pattern is evident. Generalizing these graphs, we now show that the following graph G n is a counterexample for each integer n 8.
. . .
Proof. Note that the vertices of G n have been labeled so that its degree sequence fn?1; n? 1; n?2 z }| { 2; : : : ; 2g is in decreasing order as is required when computing the mid-degree sequence.
After two steps the derived sequence has all components equal 0, and hence the depth equals 2. It follows that the mid-degree sequence is given by fn?2; n?2 z }| { 1; : : : ; 1g and that the maximum of the mid-degree sequence is n ? 2.
Since the dual-degree sequence is the vector whose i-th component is the mean of the degrees of the neighbors of vertex i, the mean of the dual-degree sequence of G n is given . So the maximum of the mid-degree sequence is greater than the mean of dual-degree sequence when n ? 2 > n 3 ?4n 2 +11n?12 n(n? 1) , or when n 2 ? 9n + 12 > 0. Therefore G n is a counterexample for each integer n 8. While there are only six trees with 10 or fewer vertices that fail this conjecture, an in nite class of counterexamples can be constructed as follows, provided that k is an even positive integer for the tree T k .
Proof. Note that the order of T k is n = 2 k + 2. We now list those conjectures for which we found a relatively large number of counterexamples during our exhaustive search of the over 12 million nonisomorphic graphs with 10 or fewer vertices. Although in each instance we display only one counterexample (displayed in Figure 1 ), Table 2 contains the total number of counterexamples found as well as the value of the terms for the displayed graphs. Recall that the terms are de ned in the glossary. 
Conjecture 128
Conjecture 128: The second smallest eigenvalue of Laplacian n / average distance. Proof. Assume we have a connected counterexample of order n, and maximum degree .
If 2 = n then from Lemma 1 the counterexample must be the complete graph K n and 2 = n = n avg D . So Conjecture 128 holds when 2 = n . If 2 6 = n then using the restriction n ? n < n ? 2 It is straightforward to prove the inequality. However, the if and only if part of Conjecture 158 is false: take G to be the complement of the graph obtained by unioning a triangle with a path on 4 vertices. The two graphs above show that the if and only if part of Conjecture 539 is false since each graph has minimum degree = size / independence but yet is neither complete bipartite nor regular. Note that although not regular, each counterexample has a maximal independent set (denoted by the 2's ) that is regular in the sense that each vertex of the independent set has the same degree. Also note that although not complete bipartite, each counterexample is bipartite. The following shows that these two observations are not coincidental. Proof. Assume G is a graph with = size / independence. Then by Theorem 1 there is a maximal independent set that edge covers G. Since an odd cycle can not be edge covered by any independent set, G must contain no odd cycles. It follows that G is bipartite. 2
Although a direct proof that equality holds for complete bipartite graphs is not di cult, note that it follows immediately from the theorem since the bigger class of vertices of the bipartition is a maximum independent set that is regular of degree and that edge covers G.
We now treat the case when equality holds for regular graphs.
Corollary: 2 A regular graph has minimum degree = size / independence if and only if independence = n=2.
Proof. For any regular graph, n = 
